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Abstract 

Properly specializing the parameters in "Schnizer modules", for type A,B,C and D, 
we get its unique primitive vector. Then we show that the module generated by the 
primitive vector is an irreducible highest weight module of finite dimensional classical 
quantum groups at roots of unity. 

1 Introduction 

The representation theory of quantum groups at roots of unity are divided into the follow- 
ing two types: one is for U e defined by DeConcini-Kac (=non-restricted type) [1] and the 
other is for U* es defined by Lusztig(=restricted type) [2], In the latter case, the classifica- 
tion of irreducible modules is same as generic case, that is, they are classified by highest 
weights ([2], [3]). In the former case, however, most irreducible modules are no longer highest 
or lowest weight modules and they are characterized by several continuous parameters ([1]). 
For type A, such modules are constructed very explicitly in [4], which is called maximal 
cyclic representations. For any simple Lie algebra, Schnizer introduced an alternative con- 
struction of such modules in [5], [6], which we also call a maximal cyclic representation or 
"Schnizer module" . 

In [7], the second author found that for type A n -case if the continuous parameters in 
maximal cyclic representations are specialized properly, then there exists a unique primitive 
vector and the submodule generated by the primitive vector is irreducible as a module of 
finite dimensional quantum group at roots of unity (denoted by U^ n ). In this paper, we shall 
show that this method is applicable to the Schnizer modules of types A n , B n , C n and D n . 

In order to explain what we shall do in this article, let us see A n -case explicitly: Let 
N = jn(n + 1) be the number of positive roots, I be an odd integer greater than 3 and e 
be the primitive l-th root of unity. Set V := (C l )® N and for each a, b £ (C X ) N and A 6 C", 
we can define a U e (sl(n + 1, C))-module structure on V as follows. (Indeed, the module as 
below is similar to the maximal cyclic representation as in [4].). 

Theorem 1.1 (Schnizer module [6]). For any a = (ai,j)i<i<j< n G (C x ) , b — (bi,j)i<i<j< n 
C , A = (Ai, • • • , A„) G C n , we obtain a U e (sl(n + 1, C))-module structure on V : $\ } a,b ■ 
U e (sl(n+ 1,C)) — > End{V). For any i el, 

$\, a ,b(ti){u(m)) = £<»M(m), 

n 

®\,a,b(fi)( U ( m )) = ^i m i,k - m i+lyk + bi^ k - b i+ l >k - + 1 } a i,k u ( m + £ i,k), 

k—i 
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®\,a,b(ei)(u(m)) = y^[mfc_i )W _i + fc - m,k, n -i+k + &fe-i,n-»+fc - bk,n-i+k + 1] 
fe=i 

X ( ] [ a p-l : n-i+p a P,n-i+p) u ( m + J]] (£p-l,n-i+p — £p,n-i+p))) 
p=k+l p—k+1 

where for any (i — 1 < j < n), set 

i 

Mij = Aj + m,i-\ t i-\ + + y^(mj_i, p - 2mj iP + ra i+ i iP + 6;_i !P - 2b^ p + b i+ i jP ), 

p—i 

and atj :— 1, bij :— 0, rriij :— if the index (i,j) is out of range. If j > i then J2k=j (' ' ' ) := 

o,nU(---):=i- 

Here if we specialize a, b, A as follows, we can find the unique primitive vector u\ in V and 

it has a weight A: Let us define a<°) = (ag?)i<j<j<„ G (C x , &(°) = (&g)i<j<j-< n G 

c i„(„+i) by 

°£- :=1 . & S :=i (l<i<J<n). 
Proposition 1.2. for any A = (Ai, • • • , A„) G C" 7 Zet ($ A a <o> 6 <o) , V) fee i/ie representation 
as in Theorem 1.1. A vector u G V satisfies that ^a,o(°),6(°) ( e ») u = / or an 2/ * ^ ^ */ anc ^ 
cmZy i/u G Cw(0). 

Finally, it turns out that the submodule J7 £ ma C V is an irreducible highest weight 
[/^"-module. By this method, we obtain all finite dimensional irreducible [/^"-modules: 

Theorem 1.3. For any A = (Ai, • • • , A„) 6 Zp (L x := {0, 1, • • • , I - I}), we define \' := 

(\[,--- ,\' n )ez n by 

A-:=A, + 2 (l<i<n). 

Let ($\' a (o) (,(o), V) fee i/ie U s (sl(n+l,C))-representation as in Theorem 1.1. Let U £ u(0) be 
the U e (sl(n+l,C))-submodule ofV generated byu(0). Then U e u(0) is a finite dimensional 
irreducible U^ n (sl(n + l,C))-module of type 1 with highest weight A. 

The proofs of the above statements are done by the similar way to the ones in [7]. 

The organization of the paper is as follows: in Sect 2, we prepare notations and review 
the theory of quantum groups at roots of unity briefly. In Sect. 3, we introduce Schnizer 
modules and show the uniqueness of primitive vectors in it under some specialization of the 
parameters. In the last section, we show that the submodule generated by the primitive 
vector is regarded as a module for the finite dimensional quantum group at roots of unity 
[/ e fin of types (A), B, C and D. At last, we obtain that such submodule is an irreducible Uf n - 
module and all finite dimensional irreducible [/^"-modules are exhausted by such modules. 

2 Quantum enveloping algebra U q (g) 

2.1 Definition of quantum enveloping algebra 

In this subsection, we define the quantum enveloping algebra U q (g) for a generic q. 
Let C(q) be the rational function field in an indeterminate q. Define 

qda q — da 

[< d : = q d_ q -d ' W := 

[a] q d\ := [a] q d[a - l] q d ■ ■ ■ [l] q d, [0]! := 1, 
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for any a, d G Z + := {0, 1, 2, • • • }. Let g be a finite dimensional simple Lie algebra over C of 
rank n and {a\, • • • , a n } be the set of simple roots, I := {1, 2, • • • , n}, A be the set of roots 
(resp. A + be the set of positive roots). Define the root lattice Q = @™ =1 ^cti (resp.Q + = 
0r=i ^+ a i)- Let (ajj)" J=1 be the Cartan matrix associated with g, and d = (di, • • • , d n ) 
be an element in N™ such that djay = djajj for any i,jel and g.c.d (di, • ■ ■ , d„) = 1. We 
denote the Weyl group of g by W which is generated by the simple reflections {si, • • • , s n }. 
Now, we define the quantum enveloping algebra U q (g) over C(q). 

Definition 2.1. Quantum enveloping algebra U q (g) is an associative C(g)-algebra generated 
by {ej, fi^tf 1 ^ G 7} with the relations 

ti^jt i = q i 3 ej, 
where q t := fl* ef := wj—rfjP ■= T^fl == 

[«Vi ! [«Vi ! 

Let Ug(g) (resp. U q (g), U q {g)) be the C(<7)-subalgebra of f/ g (g) generated by {ej}™ =1 (resp. 

{/*}?=!, Of 1 }?=l)- 



2.2 Non-restricted specialization 

In this subsection, we define the non-restricted specializations U £ for a root of unity e. 

Definition 2.2. Let A := C[g, q -1 ] be the Laurent polynomial ring, Ua be the A-subalgebra 
of U q (g) generated by {ej, futf 1 , {ii} ?i }" = i, 2 be an odd integer greater than 3, and £ be a 
primitive i-th root of unity such that e 2di ^ 1 for any i G I. We regard C as A-algebra by 
f(q)c :— /(e) • c for any /(g) G A, c G C and we denote it by C e . Now we define 

U £ := U a ®a C £ , 

and we call [/ e "non-restricted specialization of U q (g)" . By the similar manner to Definition 
2.1, we define [/+, ?7~ and [7°, and we denote u ® 1 as it for any it G £/a- 

Remark. ([1]) One can also describe C/ e in term of generators and relations. That is, U £ 
is an associative C-algebra generated by {e^, /i, with the relations of Definition 2.1 

replacing q by e. 



2.3 Root vectors 

In this subsection, we introduce the root vectors and its properties. 

Proposition 2.3 (([1], [8]). (i) For any i G I, there exist U £ - automorphism Ti such that 

T i {e i ) = -f i t i , T l {e j ) = ^^l) s -^<h s ^ S) e 3 e ( f ] 
T i {f i ) = -tr 1 e i , T i (f j )=^(-iy-^q?f^f j ft^- s) 

Ti{tj) = tjt i 3 . 

(ii) For w G W , let w = • ■ ■ Si r be a reduced expression of w, and set T w :— • • • Tj r . 
Then T w is well-defined (that is, T w does not depend on a choice of reduced expression 
ofw). 
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Definition 2.4. Let wq be a longest element of W, w = ■ ■ ■ Si N be a reduced expression 
of wo, and we set 

01 := a n ,(32 ■= s ll (a i2 ), ■ ■ ■ , (3 N := ■ ■ ■ s lN _ 1 (a iN ), 

(by the theory of the classical Lie algebra, A + = {/3i, • • • , Pn}) and 

ep„ :=T il ---T ik _ 1 {e ik ),ff }k := T h ■ ■•T ik _ 1 (f ik ) (1 < k < N). 

We call these e.@ k ,ff3 k "root vectors of U £ ". 

Definition 2.5. Set deg(ei) := aj,deg(/j) := — a i: deg(ti) := 0. 

These are compatible with the relations of U £ . Therefore, we can regard U £ as Q-graded 
algebra and we have 

U e = 0(f/e)a, (U e ) a (U e ) a , C {U e ) a+a ; 

a£Q 

for any a, a E Q, where(U £ ) a := {u E U E \dcg(u) = a}. We also use the following proposi- 
tions later. 

Proposition 2.6 ([8]). We have e a E U+ n (U £ ) a , f a E U~ n {U e )- a (a E A+). 

Proposition 2.7 ([1]). Let Z(U £ ) be the center ofU e . We have e l a , f l a ,t\ E Z(U £ ) for any 
a E A+, 1 < i < n. 

Next, we introduce the PBW theorem and the triangular decomposition. They will 
be used in the subsequent sections. Let {(3i, ■ ■ ■ ,[3n} be as in Definition 2.4, then A + = 

Theorem 2.8 ([1]). (i) {e^ 1 • ■■e^\m 1 , ■■■ ,m N E Z+} is a C-basis of U+ . 

{Z™ 1 ' ' ' /^Tl m ii " " i m N is a C-basis of U~ . 

(Hi) {A:™ 1 • • • fc™ n |mi, • • • , m„ G Z + } is a C-basis of U £ . 

(iv) Let <f> be the multiplication map <f> : U~ ® U® (£> ► U £ (u- ®Uq® m+ *—> U-Uqu + ). 

Then is an isomorphism of C-vector space. 

3 Primitive vectors 

We keep the settings and notations as in Sect. 2. 
3.1 Schnizer modules 

In this subsection, we introduce the Schnizer modules of £/ £ (sp(2n, C)), U £ (so(2n + 1,C)) 
and U £ (so(2n, C)). These representations are defined through the representations of the 
"Weyl algebra". 

Definition 3.1. Let g = sp(2n, C) or so(2n+ 1,C) (rcsp. g = so(2n, C)), H be a group 
generated by {xf^zf^l < i,j < n} (resp. {xfj , zf^ | 1 <i<n-l,l<j<n}) with 
relations 

We set W := C[ff] (= group ring of iJ), and call it 'Weyl algebra". 
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We use the following notations in the sequel: 

h - h^ 1 

for any h G if , d G Z(d 7^ 0). 

Proposition 3.2. Let g = sp(2n, C) or so(2n+l,C) (resp. q = so{2n, C) ), V := ®" j=1 

(resp. V := ®i<i<„-i,i<j<n ^> where V itj = C l . Set := (S k o, 4i, • • • S k ,i-i) G 

Vij(0 < k < I — 1), w/iere <5jj is t/ie Kronecker's delta. Let X : Vij — ► 6e i/ie linear map 
defined by 

(«_i :=«,-i), (3.1) 

: V — ► V" 6e i/ie linear map given by 

XiMn ® • • • ® «£? ® • • • ) : = «£? ® • • • ® ) ® • • • ( 3 - 2 ) 



('i.e. Xij acts only on the (i,j) component), Z : Vij — ► Vij be the linear map given by 

ZuM = 

and Zij : V — ► V be the linear map given by 



Zu™ = e k uf\ (3.3) 



Z i j{u k 1 ^...®u^®---)-.= u^®---®{Zu k i ^)®--- (3.4) 

(i.e. Zij acts only on the (i,j) component). Then these {Xij,Zij} satisfies the relations in 
Definition 3.1. 

Let N = n 2 (resp. N = n(n — 1)) be the number of the positive roots of g, and 
a = (dij),b = (bij) G (C X ) JV . Let ip a b '■ W — ► End{V) be the homomorphism of C-algebra 
given by 

4>ab( x ij) = O-ijXij, Ipab(zij) = 1 (3.5) 

Then, ip a b is a well-defined representation of VV. 

Now, we introduce the Schnizer modules of C/ e (sp(2n, C)), /7 £ (so(2n+l, C)), and U E (so(2n, C)) 
following [5]. 

Theorem 3.3 ([5] Theorem 3.8). For g = sp(2n,C) (n > 2), and A = (Ai,-- - ,A„) G 
C™. We define the map ip\ : U £ — > W by 

i-i j-i 9-1 

^fe) = ([] D k j)F jd + X II A>j)Cw> ( 2 < i < ")> 

fe=l q=l p=0 

<Px(tj) = T r] (l<»<i<n), 

i-i 

¥>a(/i) := ^1,1, ¥>*(/,•) := ^ + X Bij (2 < j < n), 



i=i 



where 



= ! I ) + { z j,i z 3+l,i} x i,3 X 3,i X i,j-n ' 1 ' • ./ '' 1 

— {^i,n^n 7 i }e 2 ^i,n— l%i,n% n ,i \_^i,n— l z n ,i l%i,n%n,i H~ {^i^n— l^i n }e 2 ^i,n ; 

{i<i <j = n), 

= x i,j-l x i,j x j+l,i x j,ii (1 < * < j < ^ 1), 

A,n = a;^_i^n,i (1 < * < n ): Aj = 1 otherwise, 

= (1 < .7 < " ~ 1)) ^n,n = { Z n,n\e 2X n,n, 
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j-1 



Ti ti = ([[A^Tjj (l<i<j<n), 

k—i 

: = z i,j-i z lj z i,h^ z J+2,i z2 j+hi z li <i < J <n-2), 



2 Z i,n-l Z i,n Z n,i Z 



n-u (l<i<n-l), 



Ai in -i :— ^ „_ 

A" := z i,l-l z i,n Z n% (1 < « < 

^'j : = z j,j z j,j+i z j+2,j z j+i,j z j+i,j+i z j+2,j+i £ 3 > 0-<j<n - 2), 



,4 _A„ 



Jn-l,n-l ; — z n-l ,n-l Z n-l ,ri Z ri,n-l z n ,n £ " *> T n ,n '■— z n ,n £ 



B iJ : = {^"/+i 2 7+2,^l+i,i^ 1 ^j^+i,j}a;r 1 + {zrjzj+^T.+^jxJ^^ (1 < i < j < n - 2) 

B »,n-1 : = {^"n^.n-l^n.i^n-l.i^i+l.n-ll^n-l + {^n-l.t^m^i+l.n-l}^ (1 < « < n - 1), 
B i,n := { z i,n Z n?i T i+l,n}e2X^ (1 < i < n), 

(l<j<n-2), 

E n —l,n—l '■= { z n-l,n-l z n -l, n z n ,n-l Z n,n £ " 1 } X n-l,n-l ^ { Z n,n-t Z n,n £ " J^n.n-l' 
^i,n : ~ { z n,n £ "}e 2X n,n- 

T/ien « s a homomorphism of ' C- algebra. In particular, a pair ($A,a,6 := 4>ab ° VAj V") is a 
representation of U e (sp(2n, C)). 

We call the representation in the above theorem "Schnizer module" or "maximal cyclic 
representation" . 
Remark. 

(i) The explicit form of the actions of the generators above are slightly different from those 
in [5]. Through the C-algebra [/ e -automorphism uj to U e such that (o>(ej), iv(fi),u)(ti)) = 
(fi, e,, t^ 1 ), we have that the action of ej, (resp. fj, tj) in [5] corresponds to the action 
of /j(resp. ej, tj 1 ) as above. 

(ii) We call [^-representations such that e\ ^ and f\ ^ for any i £ I (resp. e\ = and 
/■ = for any i) "cyclic {/^-representations" (resp. "nilpotent [^-representations"). 
In particular, we call ^-dimensional irreducible cyclic C/ e -representations "maximal 
cyclic [^-representations" (l N is the dimension of the representation in Theorem 3.3). 
Because the dimension of the finite dimensional irreducible [^-representations are less 
than or equal to l N ([1]). The representations of Theorem 3.3 arc not necessarily 
irreducible or cyclic. However here, we also call these representations maximal cyclic 
[^-representations. 

Theorem 3.4 ([5] Theorem 3.10). For g = so(2n+l,C) (n > 3) and A = (Ai,-- ■ ,A n ) G 
C™. We define the map fx : U £ — ► W by, 

i-i j- 1 9-1 

tpx(ei):=F u , <Px{e j )i=(Y[D kJ )F jtj +^2([[D Ptj )C q j, (2 < j < n), 

fe=l 9=1 p=0 

i Px (t j )=T^, (l<j<n), 

j-i 

¥>a(/i) := ^(/j) := Ejj + J2 B i,h ( 2 < 3 < 

i=l 
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where 





/ ^ — 2 "i , f 2 — 2"! 

•™ \ z i,j-l z i,j Ss 2X i,j + \ z j+l,i z j,i Js 2X i 


'j-xXijXjj, (l<i<j<n 




:= { z i,n-l z i,n\ X i,n { Z n,i Z i,n} X i,n-l 3 


k,n x n,i, 0-<i <j = n), 


Did 


'■= x i t j-l x i,j x j+l,i x j,ii (1 < * < .7 < 


n-1), 




:= x 7,n-l X n,i, (1 < * < n )> Aj 


:= 1, otherwise, 


r 3,3 ■ 


{•- ; J} (l<j<n-l), 


F n ,n ■ — { z n,n} x n,n. 


•-1 







: ~ z i,j-l z i,j z i,j+l z j+2,i z j+l,i z j,i> 0- — * < J - n - 2), 
Ai. n -l := ^i. n _2 z i,n-l 2 'i,n^ ; n,i Z n-l,ii (1 * < n ~ l)j 
-<4-i,n := z i,n-l z j 2 ,n Z rM' (1 < * < n )j 

^J'.J := Z j,j Z 3,j+l Z j+2,j Z j+l,j Z j+l,j+l Z j+2,j+l 6 3 ' (1 < J < « - 2), 

T 1 1 — Z 4 Z -2 Z 4 z -2 F An-i Ji ._ 2 2 A„ 

-*n— l,n— 1 •— ^n-l,n-l^n-l,n / 'n,n-l x; n,n e > -"-ra.n •— ^n,n fc ' 

: ~ { z i,j z i,j + l z j+2,i z j+l,i z j,i ^i+l ,j}e 2X i t j + { z j + l,i z j,i }e 2X j+l,i i 

(1 < i < J < n - 2), 

D ._ f 2 -2 4 -2 rri 1 -1 i J 2 -2 rri 1-1 

-£>i,n — 1 ■ — L z i,n-l 2: i,n Z n,i 2: n-l,i i i+l,n-lJe 2 * z 'i.ri-l ' \ Z n,i Z n— i+l,n— 1 Je 2 ^n.i ' 

(1 < i < n- 1), 

5*,n := {2;^„z~ 2 T i+ i in }a;^, (1 < i < n), 

p f r 2 -2 -2 4 -2 -2 Aj-i -1 

^3,3 ■- \ z j,j z j,j + l z j+2,j z j+l,j z j+l,j+l z j+2,j+l e Ss 2X j,j 

+{ z j+i ,j z j+i ,j+i z j+2,j+i £ 3 }s 2X j+i,j> — 3 ^ n — 2), 

E n -\ t n-l '■= { z n-l,n-l Z n-l,n Z n,n-l z n,n £ ™ 1 }s 2X n-l,n-l + { z n,n-l z n,n £ " 'l^n.n-l' 
£"n,n : — { z n,n£ ™} X nn- 

Then ip\ is a homomorphism of C- algebra. In particular, a pair (<£>A,a,& := V'ah ° ¥>Ai V") is a 
representation of U e (so(2n + 1,C)). 

Theorem 3.5 ([5] Theorem 3.11). for g = so(2n, C) (n > 4) and A = (Ai, • • ■ , A n ) 6 
C™. VFe de/me ifte map ip\ : U s — ► W fey 

VA (ei) := Fi,!, ^(e,) := (JJ + ^(JJ 'WW- (2 < j < n - 2), 

fc=l q=l p=0 

n/2-1 n/2-1 

<P\(e n -l) := ( Yl D 2k -l,n-l){ n D 2k'.n) F n-l-n-l 
k=l k'=l 
n/2-1 q-1 q-1 n/2-1 g g -l 

+ H (n £>2 P- 1 ' n - 1 )(II £> V,n) C '2 g -l,n-l+ ^ (II ^p-l.n-l) ( J[ D 2p ' ,n) C 2q,n , (n; even) 
9=1 P=0 p '=o 9=1 P=0 p ' = o 

n/2-1 n/2-1 

VA(e n ):=( J| D 2 fc,n-l)( II D 2fe'-l,„) F n-l," 
fc=l k '=l 
n/2-1 q-1 q n/2-1 q-1 q-1 

+ S ( I1 D 2 P ,n-l) (fl £, 2p'-l,n)C2,,n-l+ ^ (]! D 2 P ,n-l) ( JJ B 2 P ' -1, n) C 2q-l,n , (n; et-en) 
9=1 P=0 p ' = o 9=1 P=0 p'=0 
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(n-l)/2 (n-3)/2 

VA(e„-l) == ( ]J A?fc-l,n-l)( J| D 2k' ,n) F n-l,n 
fe=l fe ' = i 

(n-l)/2 g-1 3-1 (n-3)/2 g g-1 

+ E (]I £ ' 2 f-W)(Il £ '2 P ',JC2 g -l,n-l+ £ (II £, 2 P -l,n-l)(II £, 2 P ',n)C2 g , n) (n; odd) 
9=1 P=0 p '=o 9=1 P=0 p'=0 

(n-3)/2 («-l)/2 

VA(e„) := ( Yl D 2k,n-i)( \\ D 2fe /_ 1)n )F n _i )fl _i 

fe=l fe ' = i 

(n-3)/2 g-1 q (ra-l)/2 g-1 g-1 

+ E (Il^-lKl! £, 2p'-l,n)C2,,n-l+ £ ( J[ Ap,„-l) ( -1, J^-l.n , fa odd) 

9=1 P=0 p '=0 9=1 P=0 p'=0 

fx(t j )=T{-j (l<3<n), 

i-i 

¥>a(/i) := A,i, ^(/j) := + ]T Sij, (2 < j < n), 

i=l 

w/iere 

Cij : = { z i,j-i z i~,j} x i,j + { z j+hi z j~,i} x i,j-i x i,3 x j,ii (<i<j<n- 2), 

Ci.n— 1 • — \Zi,n—1 z i^ n —\$ x i,n—\ {^i,n^ n _i ,i\ x i.n — c 2 x i- l fi—\ x n— 1,15 (1 2 <C 77 1), 
Ci,n • — \^i,n — 2^i n }^i,n {zi,n~ l^n — 1, i i*^ i.n~2 X i-i nXn ~ 1>* ' — ^ ^ 



A.j : ~ a; *,j-i a '*,j a; j+i,» a; ji*! (1 <*<J< ? t- 2), 

^i,n— 1 • x i J n — 2 x i,n— ^- x i,n Xn ~ M> 1 ^ 7 < 72 1, 

An := ^, 1 l -2 x i,™ x l >-i x ™-i,i' (1 < * < «), A,j := 1, otherwise, 

F 3,j : = { z j,} x 3-j}i (1 < i < « - 1). A-l,n := tei,„!Cn-l,n}- 



^ := II A ^) T ^ (1 < i < i < « - 1), 

n-2 

T iin := ( JJ i4 fc , n )T n _i, n) (1 < i < n), 

: ~ z i,j-l z i,j z i ,j+l Z j+2,i z j+l,i z j,i ) (1 — * < J — n — 3) , 
^4i,n-2 := z i,n-3 Z 4 2 ,n-2 z i,n-l z i,n 2; n-l, i 2 n-2,i! (1 < * < n ~ 2), 
An-1 : = ^>-2^>-lV^l,i> (1 < i < n - 1), 



^'J : ~ Z jj Z j,j+l Z j+2,j z j+lj z j+lJ+l z j+2,j+l £ 3 > 0- - 3 - 71 3 )> 
T n -2,n-2 ■= Z n-2M-2 Z n-2,n-l Z n-2,n Z n-l,n-2 Z n-l,n-l Z n-l,n £ " 2 ' 
T n -\, n — l := 2 n _i , n _i£ ™ 1 ) T'n— l,n : ~ z ri— l,ri e 
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.-1 



Bi, n -i := {^^-i^^^Tj+i^.i}^ ^!, (1 < i < n - 1), 

#»,n : = { z i,nZn-l,i T i+l-,n} x Zn, (1 < * < «), 

^7,j := { Z j,j Z j,j+l Z j+2,j Z j+l,j Z j+l,j+l Z j+2,j+l £ 3 } X j,j> 




Then tp\ is a homomorphism of 'C- algebra. In particular, a pair ($a,o,6 : = V'ah ¥>a, V") is 
a representation of U e (so(2n,C)). 

3.2 Existence and uniqueness of primitive vector in V 

Specializing the parameters (a, 6) properly, we show the existence and uniqueness of primitive 
vector in the Schnizer modules. 

First, we fix the following notations to write down the action of generators of the U e on 
($A,a,6) V). Let N be the number of positive roots. We set 



For any m = (my) E M, we set u(m) := i4mi <g> u mi2 <8> ■ ■ ■ <S> Wm^/^™ e ^) an d e y : ~ 
(finfiji, 5iiSj2, • ■ ■ , Si,N/ n Sj n ) E M, where it^ is of Proposition 3.2, and <5jj is Kronecker's 
delta. Obviously, {u(m)\m E M} is a C-basis of V. 

Next, we show that (Q\. a .b,V) has the vectors which is called "primitive vectors" by spe- 
cializing the parameters (a, 6) properly. First, we write the explicit action of ej on V. Let 
us start from the sp(2n, C) case. 

3.2.1 sp(2n, C)-case 

Lemma 3.6. For g := sp(2n,C) (n > 2), A := (Ai, • • • , A„) E C™, and any i,j E I, set 
a l3 := 0, bij—l-i + j (i < j), bij := 2n + 2 - i - j (i>j), 

and ffl(°) = (e «)^. =1 ,6(°) = (e 6 «)"j=i G (C*)™ 2 . Le£ ($ A)0 (o) )6( o) , V) 6e £/ie representation 
as in Theorem 3.3. For u = J2 m eM c mu{m) E V (c m E C), we have 



M := {m = (m,ij)i<i<(jv/n),i<j<n G 



Z^jO < mjj < Z — 1 for anyi, j}. 



ei.u = 



^ Cm[-mn]u(m -en), 




e 9 -.u = 



^ c ro [-m JJ ]u(m + a J )+ ^ 



m q ,j-i - m qj ]u(m + f3 qj ) 




j'-i 

+ 51 X] Cm [ m J +i '« 



-m J9 ]u(m + /3 M -), (2<j<n-l) 
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n-1 

e n .u= ^2 c m [-2m nn ] e 2ti(m + a„)+ c m [2(m 9 „ - m n ,)] e 2ii(m + (3 qn ) 

meM meM q=l 

n—1 n — 1 

+ ^2 c m[m q ^ n -i - m nq ]u(m + (3 qn ) + ^ ^ c m [2(m qn - m nq )] £ 2u(m + P qn ) 

meM 9=1 meM q=l 



where 



3-1 

-00 



n,:= ■-.-,.+ ^2(-£jk + £j+i,k - £ kj + £ k,j-l), (2 < j < n - 1), 



fe=l 
n-1 



a n • ^Jifi ~t~ ^ ^ ^ ( ^nfc ~t~ £fe,n— l); 

9-1 

#u : = - £ qj + J2(- £ Jp + £ j+h P - £pj + £ P ,j-i), (1 < Q < 3 < n ~ 1), 

p=0 
9-1 

/V := + 2^(-£ np + £p,„-l), (1 < q < n) 

p=0 

9-1 

@qj : ~ £ q-j- 1 ~ e J9 — e 9j £ jp + £ j+i>p — £ pj + e p,j-i)i 

p=0 

(l < g < j < n - 1), 

9-1 

Ajn : ~ £ q,n-l — £ n q — £ q n + 2 — £ n p + £p,n-l), (1 < <7 < «), 

p=0 

9-1 

/3 9 „ := 2£ 9 ,„_i - 2£„ 9 - e qn + 2^(-£„ p + £p,„-i), (l<q< n). 

p=0 

Proof. We prove that for any to = (my) G M, i,j e. I,d € Z, 

Xij.u(m) = u(m — Eij), {zij} £ du(m) = [d _1 (rajj + 6y)] £ <iu(m). (3.6) 
By (3.1), (3. 2), (3. 5), we have 

.«(m) = £ a ^ X y ® • • • <» ««) ® • • • ® ) = ® ■ ■ ■ ® ® • • • ® u&»> 

= u£J> ® • • • ® u£2-i ® ■ ■ ■ ® «S = «(m - ey)- 
Similarly by (3. 3), (3.4), (3. 5), 

s y . U (m) = £ 6 -- % - . (u£H • • • ® u«> ® • • • ® ) 

= ^<i®---®^.®---®^:i 

= £^uL n) ® ■ ■ ■ ® £ my ?41 j) ® • • • <8> U<? n > = £ 6y+my 

"ill ''tii ''(-nn x ' 



Therefore 



£ 6y+m„ _ £ -6, 



-u(m) = [d 1 (mjj + &jj)] £ <iw(TO). 
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We calculate the actions of e, on u(m) by using (3.6) and Theorem 3.3. 
Case 1) j = l:We have 



e x u = ^2 c mFnu(m) = ^ c m {z 11 1 }x 11 u(m) 

meM meM 

= ^2 c m {z^}u(m - en) = c TO [-(mu - 1 + 6u)]u(m - £n) 
= ^2 c m [-(mn - 1 + l)]u(m - £u) = c m [-mn]u(m - en). 

meM meM 

Case 2) 2 < j < n - 1: We have 

F 3J u{m) = {zjl}xjju{m) = [-{rrijj - 1 + bij)]u(m - e J3 ) 
= l-( m jj - 1 + l)]u(m - £jj) = [-mjj]u(m - 

Therefore 

(II D kj) F jM m ) = h"»jj]( JJ a;fcj_ia;fcja:7+ lifc a;jfc)«(m - e#) 
fe=i fe=i 
j-i 

fc=i 

On the other hand, for any q(l < q < j — 1), we have 

C qjU (m) = {z-^ZgJ-ijXqjUim) + {z^Zj + i.gjXqjXjqX^^uim) 

= { Z qj lz q,j-l} U ( m - £ qj) + { Z jq Z j+h<l } U ( m + £ 9,J-1 ~ £ 3q ~ £ Qj) 
= [-( m qj - 1 + b Qj) + { m q.,3-l + b q,J-l)} U ( m ~ £ qj) 

+ [-(m jq - 1 + b jq ) + {m J+1 . q + b j+hq )]u(m + e qJ -i - e jq - e qj ) 
= i m q ,j-i - m qj }u(m - e qj ) + [m J+1 , q - m jq ]u(m + £ q ,j-i - £j q - s qj ), 

where the last equality is due to bj q = b q j + 1 = b q j-i + 2. Thus, we obtain 

q-l q-1 

(II D Vi) C q3 U< < m ) = \ m q,3-l ~ m qj]([]_ X P J -1 X P3 X 3 + l,p X 3p) U ( m " £ q3 ) 
k=l p=0 

9-1 

+ [ m i+i,9 — m j<?](]^[ x p,j-i x pj x j+i,p x 3p) u ( m + £ q,j-i ~ £ jq ~ £ qj) 

p=0 

9-1 

= Ki-i - m qj ]u(m - e q:i + ^(-Sjp + £j+i, p - e pj + £ P ,j-i)) 

p=0 

9-1 

+ [ m q,3-l - m qj ]u{m - Sqj - £j q + £ q ,j-l + ^(- £ jp + £ j+l,p ~ £ P3 + £ P,j-l)) 

p=0 

= [m q>j -i - m qj ]u{m + (3 qj ) + [m j+1>q - m jq }u(m + p' qj ). 
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Therefore, 

j'-i j-i <?-i 

meM fc=l raEMpl p=0 

= c "i[- m ij"] u ( m + Q; j) + X] X! c TO [m g ,j-i - m gj ]M(m + 

m£M meAf <?=1 

+ ^2 c ™[mj+i, q -m jq }u(m + /3' qj ). 

meM 3=1 

The case j = n is shown by the similar way to Case 2. □ 
Next, we prove the existence and uniqueness of the primitive vector. 

Proposition 3.7. For g = sp(2n, C) (n > 2), and A = (Ai,-- - ,A„) G C n , set a<°) = 
(e aij ),b^ — (e bij ) as Lemma 3.6, and let ($ x a(°> 6(°) >^0 be the representation as in Theorem 
3.3. A vector u G V satisfies that eiU = for any i G I if and only if u G Cu(0), where 
u(0) = u(0, • • • , 0) G V. (We call these vectors "primitive vectors"). 

Proof "If part" is obvious by Lemma 3.6. So we prove "only if part". First, we define 
{ r i}i<i<n 2 (= I x I) inductively as follows: r± :— (1, 1) and if r s — (i,j), then 

r s +i := + 1) (1 < j < n, 1 < i < j + 1), 
r s+ i := (n, i) (1 < i < j = n), 

r s+ i := {l<j <n,j + l<i<n). (3.7) 

And we define M s := {m G M|m ri = m r2 ■ • • = m rs = 0} (1 < s < n 2 ). So we have 

{(0)} = M„2 C M„ 2 _! C • • • C Mi C M. 

Now, assume that e^ — for any i £ 1 and set u = X)meM c mu(m) G V (c m G C). We 
shall prove that u = J2meM s c m u{m) for any 1 < s < n 2 by induction on s. Indeed, if we 
can prove this, then we have u — X)meM 2 c m u ( m ) — c o u (0) G Cu(0). 

Since eiu = 0, by Lemma 3.6, we have = X)meM c «i[~ Tnn]u(m — en). Since the vectors 

{u(m — en)|m G M} are linearly independent, c m [— mn] = for any to G M. Therefore 

if mn(= m ri ), then c m = 0. Hence u = J2 meMl c m u(m). Now we assume that 

u = Em£M a Cmu{m) for 1 < s < n 2 , and r s = (i,j). 

Case 1) 1 < i < j < n - 2: 

In this case r s+ i = (z, j + 1). Let m G M s then 

m gj - = m q j + i = m j+ 2, q = m j+ i iq = (1 < q < i - 1). 

Since e^u = 0, by Lemma 3.6, we have 

= ej+iu = 

j 

c m[-m j+1J+1 ]u(m + a j+1 ) + ^ ^2c m [m qj - m qtj+1 ]u(m + (3 q , j+ i) 

meM meM q=i 

3 

+ Yl J2 Cm ^ m i+ 2 ^ - m 3 + hq] U ( m + Pq.J + l)- 

meM q=i 

On the other hand, by Lemma 3.6, for any m G M s , we have 

3 3 

(m + a j+1 )ij = (m - e j+hj+1 + ^(-£j+i >fe - e kJ+1 + e k j))ij = (m + ^ e kj )ij 

fe=i fe=i 

= (m + e^)^- = my + 1 = 1, 



12 



since m G M s , = m rs = rriij. Similarly , for any q(i < q < j), we have 

q-1 9-1 

(m + P q j +1 )ij = (m - £ q j+i + y^(— £j+i,p + £ j+2,p - + £ pj))ij = ( E £ pj)ij 

9-1 

(m + f3 q<j+1 )ij = (to - e g ,j+i - + e« + E( _£ -? +1 'P + e i+2,p - e pj+i + £ M')k 

p=0 



g 

ij- 



p=0 



Therefore 



(m + a j+1 )ij = 1, (m + /3 gi j + i) y = 1 (i + 1 < <? < j), 

(m + /3gj+i)»j =0 (q = i), (to + P q , j+1 )ij =1 (i < g < j). 

Thus 

3 J 

^ Cu(m + a j+1 )+ J2 €u ( m + P q ,j+i)+ E E Cu ( m + 4j+i) 

m6B, meM 3 q=i meM s q=i 

= { C«(m + /3 i;j+1 )}0{ ^ Cu(m + a j+ i) 

meM s meM s 

j 3 

+ E E Cu(m + A M - +1 )+ ^ XJ Ct *( TO + ^,i+i)}- 

meM s q=i+l meM 3 q=i 

Then since the vectors {u(m + Pij+i) \ m G M s } are linearly independent, we have that 
= c m [rtiij —rriij +1 ] = c m [— m ij+ i] for any m G M s , which implies if ^ m>i,j+i = TO rs+1 
then c m = . Therefore u = J2meM s+ i c m u{m). 

Case 2) 1 < i < j = n - 1: 
In this case , r s — (i,n). Let m G M then 

m gn = m„ g = m gi „_i =0 (1 < g < i - 1). 

Thus, since e n u = 0, by Lemma 3.6 

= e„u 

n-l 

= E c m[-2m„ n ] e 2u(m + a„) + ^ ^ c m [2(m 9 „ - m n ,)] £2 u(m + f3 qn ) 

meMs meM s q=i 

n—1 n—1 

+ E ^2 c m[m q m-i - m nq ]u(m + (3 qn ) + ^ ^ c m [2(m qn - m nq )] £ 2u(m + (3 qn ). 

meM s q—i meM s q—i 

On the other hand, by the similar way to the Case 1, we have 

(m + a„)i,„_i = 2, (m + P qn )i, n -i = 2 (i + l<g<n-l), 

(m + p gn )i,n-i = {q = i), (to + P qn )i, n -i = 2 (i + 1 < g < n - 1), 

(m + (3 qn )i,„-i = 1 (g = i), (^ + /? g 'nkn-i = 2 (i<g<n-l). 
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Then, we have 

n — 1 Ti—l n—1 

^2 Cu(m + a n ) + ^2 E Cu ( m + Pqn) + E E Cm(to + /3 g „) + ^ ^ Cufro + /3 g J 

mSM a tnGM, g=i m£M s q=i m£M B q=i 

= { C U (m + /3 m )}0{ C M (m + /3;„)}0{ £ C U (m + a „)+ £ ]T C U (m + /3 9 „) 

meM s meMs meM s meM s q— i+1 

n — 1 n—1 

+ E E C«(m + /?;„)+ ^ £<Cu(m + 

meM 3 q=i+l mEM 3 q=i 

Hence by the linearly independence of the vectors {u(m + /3 i-n ) | to G M s }, {u(TO + /3 i „)|m€ 
M s }, we have that = c m [2(m in - m ni )} = c m [m i; „_i - m ni ] = c m [-m ni ] for any to G 
M s . Thus if TOj„ ^ or TO ni ^ 0, then c m = for any m G M s . Therefore u = 

Em£M I+2 C m u(m) = Em£M s + 1 Cm«M. 

Case 3) 1 < z < j = n. This case is shown by the similar way to Case2. 
Case 4) 1 < j < i and j < i — 1: 
In this case r s+ i = (i — 1, j). For m G M s , we have 

m,,i_2 = m,,i_2 = (1 < g < i), m lq = m l -i, q = (1 < g < j - 1). 
Since ei_iu = 0, by Lemma 3.6, 

= ej_iM = 

i-2 

E Cm[-rai-l,i-l]Mra + ai-l) + E E C ™[ m q,l-2 ~ "^.i-lM™ + Aj.i-l) 
m£M s mEM 3 q=j + l 

i-2 

+ E E Cro [ mi « - TO <-l>9] U ( m + / 3 ?,i-l) 

On the other hand, 

(m + ai_i)y = 1, (m + /? ?ii _i)y = 1 (j + 1 < g < i — 2), 

(m + /3^_i) 4J = 1 (i + 1 < g < i - 2), (m + 4 i _ 1 ) ij =0 (<?=j). 

Thus, = c m [m,ij — rrii-ij] = c m {—mi_ij] = for any to G M s . Therefore if / 
mi_ij = TO rs+1 then c m = for any m G M s . So u = E m eM a c m u(m). 
Case 5) 1 < j < i < n and j = i — 1: 
In this case r s+ i = For to G M s , we have 

m q ,i-i = m ql = m iq = m i+ i s = (1 < q < i - 1) 

Since e^w = 0, by Lemma 3.6, we get 

= au = ^2 c m [-mu]u(m + on) (i^ri) 

meM s 

= e„u = ^2 c m [-2m nn ] e 2u(m + a n ) (i = n) 

m£M s 

Hence, if ma ^ then c m = for any m G M s . So u = X)meM s+ i c m u(m). □ 
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3.2.2 so(2n+ l,C)-case 

By the similar way to the proof of Lemma 3.6 and Proposition 3.7, we can prove the following 
lemma and proposition. 

Lemma 3.8. For g := so(2n+ 1, C) (n > 3), A := (Ai, • • • , A„) G C™, and any i,j G I, set 

dij := 0, bij := 1 — (i < j < n - 1), 

bi n := 2n + 1 - 2z, b i3 := 2n + 1 - i - j (i > j), 

arida^ := (£°«)"j=i. &(0) : = {£ hl3 )l 3 =i <= (C x )" 2 . Let (* A)O «» )6 (0) , V) &e i/ie representation 
of Theorem 3.4. 

For u = J2 m eM c mu(m) G V (c m G C), we /icwe 
ei.u= c m [-2mn] e 2ti(m -en), 

mEM 

e j- u = X! c m[- 2m jj]£ 2U ( m + "j)+ X! ^^^("Vj-i -TO,j)] e 2it(m + /3,j) 
+ X] Cm [ 2 ( m J+ 1 >9 - m jg)]e 2U ( m + / ? gj)' (2<i<n-l), 

mEM <j=l 

n-l 

e n .u= ^2 c m [-m nn ]u{m + a n ) + ^ ^ c m [2m 9i „_i - m ?n ]u(m + 

mEM mEM q=l 

+ ^2 c m[m qn ~2m nq }u(m + /3' qn ), 

meM q=l 

where 

j-i 

a j : = ^ £ jj" + X!(~ e J fe + £ i+i> fe _ £fe J + £ fcj-i)> ( 2 - J - n ~ 
fc=i 

n-l 

&n • — £nn ~t~ ^ ^ ( £nk "i" £k,n — l); 
fe=l 

9-1 

#u : = - £ « + X^~ £ -?p + e J +1 ^ ~ £ P3 + £ pj-!)' (! < 9 < j < n - 1), 

p=0 
9-1 

/3gn := -£gn + X](~ £ ™f> + £ P,™-l)' (! < <7 < n ), 
p=0 

9-1 

Ajj : = £ 9J-1 _ £ J9 _ £ qj + y^(~ £ JP + £ j+l,P - £ PJ + £ PJ-l): (1 < Q < J < n - 1)) 

p=0 

9-1 

:= £q,n-l - £nq - £qn + ^(~£np + £p,n-l), (!<<?< fl). 
p=0 

Proposition 3.9. For q = so(2n+l,C)(n > 3) and A = (Ai, • • • ,A„) G C", set = 
( e a l3 ^ fe (0) = ( £ 6 l3 ) as Lemma 3.8, andlet($> x a (o> 6 <o), V) 6e the representation as in Theorem 
3.4- A vector u = J2meM c mu(m) G V (c m G C) satisfies the condition eiU — for any i G I 
if and only if u G Cu(0). 
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Sketch of the proof. "If part" is obvious from Lemma 3.8. So we prove "only part". 
We define {r s }™ =1 by the same way as (3.7) and M s = {m G M\m ri = ■ ■ ■ = m rs = 0} 
for any s(l < s < n 2 ). Now we prove that u — X)meM c m u(m) for any s(l < s < n 2 ) by 
induction on s. By using e\u — 0, we can prove u = X^meMi c m u{m). Next, we assume that 
u = J2meM c mu(m) for a s(l < s < n 2 ) and r s = Then we prove by the similar way 

to the proof of Proposition 3.7. 
Case l)l<i<j<n-l: 
We use ej+iu = and for any m G M s , 

(m + a j+ i)ij = 1, (m + P q j +1 )ij = 1 (q > i), 

(m + (3 q j +1 )ij = (<7 = i), (™ + /^j+ik = 1 (<?>«)• 

Case 2) 1 < i < j = n : 
We use e n u = and for any m G M s , 

(m + a n ) in = 0, {m + (3 qn ) in = (q>i), 

{m + p' qn ) in = (q>i), {m + p' qn ) in =l-l (q = i). 

Case 3)l<j<z-l<n: 
We use ej+iu = and for any m G M s , 

(m + at-^ij = 1, {m + p^i-^ij = 1 (g>j + l), 
("» + ^,<-i)tf = l («/>i + l), (™ + /^-i)y=0 (g = i). 
Case 4) 1 < j = i — 1 < n : We use e^+iu = 0. □ 

3.2.3 so(2n,C)-case 

By the similar way to the proof of Lemma 3.6 and Proposition 3.7, we can prove the following 
lemma and proposition. 

Lemma 3.10. For g := so(2n, C) (n > 4), A := (Ai, • • • , A„) G C n , and any i,j G I, set 

a i:j := 0, bij :=l-i+j {i<j<n-l), 
b in :=n-i, := 2n - i - j (j < i < n - 1), 

anda^ := (e a -)i< 4 <«-i,i< 3 <n, 6 (0) := (e 6 « )i<i<n-i,i<j<n G (C*)"^- 1 ). Let (* Ai0 < ) i6 co), V) 
6e <fte representation as in Theorem 3.5. For u — J2meM c mu(m) G V (c r „ G C), we /icroe 

ei.it = ^ c TO [-mn] £ 2u(m - £n), 

mEM 

ej.u= c m [-m 3J ] £ 2M(m + a,) + ^ c TO [m 9iJ _i - m qj ]u(m + f3 qj ) 

m£M meM q=l 

3-1 

+ Y c ^i m 3+hq - m 3q ]u(m + @' qj ), (2<j<n- 1), 

meM q=l 

e n -i.u= Y c m[-m n -i in -i]u(m + a„_i) 

n/2-1 

+ Y Y { C m[m2q-l,n-2 - ■m 2q -i, n -i]u(m + /3g,„_l) + c m [m 2 g-i,„ - TO„_i !2 g-l]u(™ + /? 9j „_i) 
meM q=l 

+c TO [m 2g ,„-2 - m 2 g,„]u(™ + 7 9 ,„_i) + c m [m 2q . n -i - m„_i, 2g ]u(m + 7g, n -i)}i ( n ! ewen ) 
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e n .u= ^2 c m[-m n -i in ]u(m + a n ) 

meM 
n/2-1 

+ {cm[m 2q ,n — 2 m 2q,n — l 

}u(m + f3 gtTl ) + c m [m 2q , n - m n - lj2q ]u(m + (3 q n ) 

meM q=l 

+c m [m 2q -i, n -2 - m 2q -i,n]u{m + 7,, n ) + c m [m 2 g_i >n _i - m n _i )2g -i]ti(m + 7 g , JL (n; ewen) 
e n _i.ti= 2^ c m [-m n -i, n ]«(m + Q n -i) 

meM 
(n-l)/2-l 

+ 51 X! c m [m 2 g-i,„-2 -m 2g -i,„-i]u(m + /J ?) „_i) 

meM g=l 
(n-l)/2 

+ 5Z X! Cm["»2}-l,n -TO n _i ) 2,-l]u(m + /3, ) „_ 1 ) 
mGM (j=l 

(n-3)/2 

+ 5Z X! {cm[m2,, n -2 -m2,,„]ti(m + 7g in _i) + c m [m2,,„-i -m n _i,2,]u(m + 7, )Tl _ 1 )}, (n;odd) 

meM q=l 

e n .u= ^2 c m[-m n -i in -i]u(m + a n ) 

meM 
(n-3)/2 

+ 5Z X! {cm[m2,,„-2-m2g,„-i]u(m + /?,,„) + c m [m2 g ,„-m n _i,2g]ti(m + /3 9)n ) 

meM 9=1 

(n-l)/2 

,n — 2 7Yl2q— l.n 

}u(m + 7g,„)c m [m 2g _i i „_i - m n _i i2g -i]ti(m + 7g, J}, ("! orfrf ) 

meM g=l 

j-i 

Q j = ~ £ jj + y^(~ £ jfc + £j+i,fc - £ fcj + e'fc.j-i)) (2 < J < n - 2), 
fe=i 

n/2-1 

Q!n-1 = — £ n -l,n-l + ( — e "-l,2/s-l + £2fe-l,n — £2fe-l,n-l + £ 2fc-l,n-2) 

k=l 

n/2-1 

+ ( -e n-l,2fc' + £ 2fc',n-l - £ 2fc',n + £ 2fe', n -2)' («! ewen ) 

fe' = l 

n/2-1 

a n = —£n-l,n+ 51 ( — £ n-l,2fe-l + £ 2/c-l,n-l — £2fe-l,n + £2fe-l,n-2) 
fe=l 

n/2-1 

+ 5Z (- £ n-l,2fc' + £ 2fc',n-l - e 2k'.n + e 2fc',„- 2 )> (»! eVen ) 
fe'=l 
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(n-3)/2 

0L n -\ = — e n -l,n + ( _£ ™-l,2fe + £2k,n-l - ^2k.n + £lk,n-l) 

fe=l 

(n-l)/2 

+ (- e n-l,2fe'-l+ e 2fe'-l,n- £ 2fe'-l,r t -l+ £ 2fe'-l,r ( -2) ) ("5 odd ) 

fc'=l 

(n-l)/2 

«n = — £n-l,n-l + ^ (-£n-l,2fe-l + £2fe-l,n-l - £2fe-l,n + £2fe-l,n-2) 
fc=l 

(n-3)/2 

+ H (- £ n-l,2fe' + £ 2fc',n - £ 2fe',n-l + £ 2fc',r l -2)> ( n 5 odd ) 
fc'=l 



Aw = - £ « + X!(~ e JP + £ J'+ 1 'P ~ £ w + £ PJ-i)' (! < 9 < i < « - 2 )> 

p=0 

9-1 

0q,n-l = — £2g-l,n-l + J]] ( — £ ra-l,2p' + £ 2p',n-l — £ 2p',n + £ 2p' : n-2) 



p'=l 

9-1 



+ ^^( — £ n-l,2p-l + £2p-l,n — £2p-l,n-l + £2p-l,n-2)> 
p=l 

(n; ewen, 1 < g < n/2 — 1), (n; odd, 1 < g < (n — l)/2 — 1), 

9 

A™ = — £2q,n-l + ^ (~ £ n-l,2p' -1 + £ 2p'-l,n-l - £ 2p'-l,n + £ 2p'-l,ri-2) 



p' = l 

9-1 



+ ^^(~gn-l,2p + &2p : n _ £2p,n-l + £2p,n-2) 5 
p=l 

(n; even, 1 < g < n/2 — 1), (n; odd, 1 < g < (n — 3)/2 — 1), 
9-1 

Pqj = - £ i'J - £ Ji + £ 9J-i + ^Z(- £ w + £ j+i,p - £ pJ + £ pj-i); 0-<q<3 <n- 2), 



9-1 



Pq,n-1 - - £ 2q-\,n-\ - £n-\,2q-\ + £2g-l,n-2 + (~ £ «-l,2p' + £ 2p',n-l _ £ 2p',n + £ 2p',n-2) 

p'=0 

9-1 

+ £ n-l,2p-l + £2p-l,n — £2p-l,n-l + £2p-l,n-2), 

p=0 

(n; even, 1 < q < n/2 — 1), (n; odd, 1 < g < (n — l)/2 — 1), 

9 

Ajn — ~ £ 2g,n-l — £n-l,2q + ^2q,n-2 + ^ (~ £ n -l,2p'-l + £ 2p'-l,n-l — £ 2p'-l,ri + £ 2p'-l,ri-2) 

p'=0 

9-1 

+ y^(~gw-l,2p + &2p : n ^ &2p : n-l + £2p,n-2); 
p=0 

(n; even, 1 < g < n/2 — 1), (n; odd, 1 < q < (n — 3)/2 — 1), 
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9-1 

lq,n-l — —£2q,n + ^ (~ £ n -l,2p' + £ 2p'.n-l — £ 2p' ,n + £ 2p',n-2) 
p'=l 

9-1 

+ ^^(— £w-l,2p-l + £2p-l,n — £2p-l,ri-l + £2p-l,ri-2), 
p=l 

(n; even, 1 < q < n/2 — 1), (n; odd, 1 < q < (n — 3)/2 — 1), 

9-1 

79" — — £ 2g-l,n-l + ^ ( — £ ra-l,2p'-l + £ 2p'-l,n-l — £ 2p'-l.n + £ 2p'-l.n-2) 
p'=l 

9-1 

+ y^(~gw-l,2p + £2p : n ^ £2p,n-l + £2p,ri-2), 
p=l 

(n; even, 1 < q < n/2 — 1), (n; odd, 1 < q < (n — l)/2 — 1), 

9-1 

7g,n-l = — £ 2g,n-l — £n-l,2q + £2q,n-2 + (~ £ n-l,2p' + £ 2p',n-l — £ 2p' ,n + £ 2p',ri-2) 

p' = l 

9 

+ ^^(~gTO-l,2p-l + £2p-l,n ^ £2p-l,n-l + £2p-l,ri-2), 
p=l 

(n; even, 1 < q < n/2 — 1), (n; odd, 1 < g < (n — 3)/2 — 1), 

9-1 

Iqn = — £ 2qr-l,n _ £n-l,2q-l + £2q-l,ri-2 + (~ £ n -l,2p'-l + £ 2p'-l,n-l — £ 2p'-l,n + £ 2p'-l,n-2) 

p'=0 

9-1 

+ y~^(~£?i-l,2p + £2p,n — £2p,n-l + £2p,n-2), 
p=0 

(n; even, l<q< n/2 - 1), (n; odd, 1 < q < (n - l)/2 - 1). 

Proposition 3.11. For g = so{2n,C)(n > 4) and X = (Ai,--- ,A„) G C™, set a<°) = 
(e aij ),b° = (e bij ) as Lemma 3.10, and (^\, a io) b (o) , V) be the representation as in Theorem 
3.5. A vector u = J2meM c m u{m) G V (c m G C) satisfies the condition eiu — for any i E I 
if and only if u G Cu(0). 

Sketch of the proof. "If part" is obvious from Lemma 3.10. So we prove "only part". 
We define {^i}™!™ -1 ' by the similar way to the previous cases: r\ := (1, 1) and if r s = (i,j), 
then 



r s +\ 
r s +i 
r s +i 



= (*,i + l) (l<*,i<n-l, l<i<i + l), 

— (n,i) (1 < i < n — 1, j = n), 

= {i-l,j) (1 < j < n - 1, j + 1 < i < n - 1). 



We set M s = {m G M\m ri = ■ ■ ■ = m Ts — 0} for any s(l < s < n(n — 1)). 

Now we prove that u — J2 m eM c mu(jn) for any 1 < s < n(n— 1) by induction on s. By using 

e\u = 0, we can prove u = J2 meMl c m u(m). Next, we assume that u = ^2 m( z Mg c m u(m) for 

a s(l < s < n(n — 1)). There exist a pair (i,j) such that ^= (n — l,n) and r™ = 

for any m G M s . Then we prove by the similar manner to the proof of Proposition 3.7. 

Case 1) 1 < i < j < n - 3: 

We use e J+ i?i = and for any m G M s , 

(m + a j+1 )ij = 1, (m + /3q iJ+ i)y = 1 (g > i), 

(m + (3 qJ+1 ) ij =0 (q = i), (m + f3' q . J+1 ) l3 = 1 (<? > i). 
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Case 2.1 1 <i < j < n - 2 and i = 2i' + 1: 
We use e n -iu = and for any m G M s , 

(m + a„_i) ii „_2 = 1, (™ + /3 gi „_i)j ! „_2 = 1 (g > i), 

(TO + P q , n -l)i,n-2 = (<? = «); ( m + #j,n- 1 )t,n-2 = 1 

<7( m + 7g,™-i) 4 ,™-2 = 1 (<?>«'), (m + 7 9 „_ 1 ) i;n _2 = 1 (g>i+l), 
and we use e„w = and for any m G M s , 

(m + a n )i, n _ 2 = 1, (m + P qn )i,n-2 = 1 («>«')> 

(m + P' qn )i, n -2 = 1 («>«'), (m + 7gn)i,n-2 = 1 (g > / + 1), 

(m + 7 9 „)i,„_ 2 = (g = /), (m + 7g„) 4! „_ 2 = 1 (<?>«')• 

Case 2.2) 1 < i < j < n - 2 and i = 2i : 
We use e n -iu = and for any m G M s , 

(m + a n _i)i, n _2 = 1, (m + /3 ?i „_i) i;n _2 = 1 (g > i + 1), 

(m + /Jg j „_ 1 ) ii „_2 = 1 (g>/ + l), (m + 7 9i „_i) j! „_ 2 = 1 (g >«' + !), 

(TO + 7 9 ,„_i) i;ri _2 = {q = i'), (m + 7g „_ 1 ) i;n _2 = 1 (g > i'), 

and we use e„w = and for any to G M s , 

(to + a„)i,„_2 = 1, (m + P qn )i,n-2 = 1 (g > i + 1), 

(m + p qn )i,n-2 = (g = i ), (m + /3 g „) i; „_2 = 1 (g > i ), 

(TO + 7 9 „) i! „_2 = 1 (g > i + 1), (TO + 7gn)*>n-2 = 1 (?>«+!)• 

From this, in particular, we also have the Case 3) 1 < i < j = n — 1. 
Case 4.1) 1 < i < j = n and i = 2i +1: 
We use e n -iu = and for any m G M s , 

(m + a n _i)i, n = 1, (m + /3 5 , n _i) iin = 1 {q>i'), 

{m + tf q ,n-l)i,n = 1 >*' + !), ("l + /3g,„-l)i,n = (? = «'), 

(m + 7g, n _i)i, n = 1 (g>/), (w + 7g in _i)i,„ = 1 (g>«')- 

Case 4.2) 1 < « < j — n and i — 2i : 
We use e„« = and for any to G M s , 

(m + a n ) hn = l, (to + = 1 (g>/), 

(to + /?gji,n = 1 (g >i' + l), (to + /3g n )i,„ = (g = i'), 

(to + 7 9 „) 4! „ = 1 (g>/), ( m + 7g„) i;n = l (g > i). 

Case 5) 1 < j < i - 1 < n - 1: 
We use ei-iu = and for any m G M s , 

(m + ai-^ij = 1, (m + /3 9)i _i)ij = 1 (g > j), 

("» + ^,j_i)« = l (g>i + l), (m + = (g=i). 

Case 6) 1 < j = i — 1 < n — 1: We use e^u = 0. 
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4 Irreducible Uf n - module U £ u x >(0) 

We keep the settings and notations as in Sect. 2 and 3. 
4.1 Restricted specializations 

In this subsection, we introduce the restricted specializations and its properties. 

Definition 4.1. Let A := C[q, 1 ] and XJ r A ea be the A-subalgebra of U q (g) generated by 
{e\ k \ f\ k \tf l \i G I,k G Z + }. Let I be an odd integer greater than 3 and e be a primitive l-th. 
root of unity such that e 2di ^ 1 for any i G I. We regard C as A-algebra by f(q)-c :— f(e) ■ c 
for any f(q) G A, c G C and we denote it by C e . We define 

ur ~ut ® A c e , 

which is called "restricted specialization of £7 e ". Similarly, we define (U £ es ) + , (U £ cs )~ , (6^ cs )°. 
We denote u ® 1 as u for any u G U^ s . Let U £ n be the subalgebra of U £ cs generated by 
{e 4 , h, *f 1 }"=i (Similarly, we define (Lf n )+, (£/<?")" and (C/ £ fin )° ). 

Next we review the representation theory of Ul es . 

Definition 4.2. Let L be a finite dimensional t/^-modulc. If = t> for any v £ V,i £ I 

(that is, t- is identity map), we call L " [/^-module of type 1". 

Remark. ([9]) In general finite dimensional irreducible L^ es -modules are divided into 
2™ types according to {cr : Q — > {±1} ; homomorphism of group }). Without a loss of 
generality, we may assume that finite dimensional irreducible t/^-modules are of type 1. 

Definition 4.3. For A = (Ai, • • • , A„) G Z™ , let I\ be the left ideal of U q (g) generated by 
{ei,tf i+1 ,U -q^\i G /} and L(X) := U q {g)/I x . We set v x = 1 + I X G L(A). Let VI es (A) be 
the [/^ es -submodule of L(A) generated by v x , V £ res (X) := S (A) ® A C e , and I4^ es (A) be 
the maximal proper C/^-submodule of Vy es (A). We define 

L"'(A) := V £ res (X)/W^ es (X). 

Theorem 4.4 ([2], [3]). (i) For any AeZ", L r £ es (X) is a finite dimensional irreducible 
Ul cs -module of type 1 (We call X "highest weight of L r £ es (A) " ) . 

(it) Let L be a finite dimensional irreducible U £ cs -module of type 1. Then, there exists a 
unique element X G Z™ suc/i i/iai L = Lg 6S (A). 

(ziz) Let A' = (Ai,-- - ,X' n ) G Zp (Z, := {0, 1,- •• ,1-1}), X" G Z™, and A := X' +IX" . Then 
we have 

L r £ es {X) = L r £ es {X)®L r £ es {lX'). 

Next, we give the relation between the representations of U £ es and U £ n . 

Proposition 4.5 ([2], [3]). (i) For any X = (Ai,-- - ,A„) G Z", we regard L T £ es (X) as 
U £ n -module and denote it L^ ln (X). Then Ll" l (X) is a finite dimensional irreducible 
U £ n -module of type 1. Conversely, let L be any finite dimensional irreducible U £ n - 
module of type 1, then there exists a unique element X = (Ai, • • • , A„) G Z™ such that 
L = Ll™(X). 

(ii) Let U(q) be the universal enveloping algebra of g. Then for any X G Z", we can regard 
L r £ es (lX) as a finite dimensional irreducible U(g)-module of the highest weight X. 
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4.2 Finite dimensional quantum algebra U^ n 

In this subsection, we introduce the properties of U^ n to prove Theorem 4.10-4.12 below. 
First, we introduce PBW theorem and the triangular decomposition of U^ n . 

Theorem 4.6 ([3]). Let ft,-- - ,(3 N be as in Definition 2.4 (A+ = {/?i,--- ,0n})- We 
assume that g is not of type G 2 ■ Then we have 

(i) {e™ 1 • • • e™~ |0 < m, < I - 1 for any 1 < i < N } is a C-basis of (C/ £ fin ) + . 

{H) {.f^ 1 • ' ' f™ N N \0 <m t <l-l for any 1 < i < N } is a C-basis of (U^ n )~ . 

{iu) {t™ 1 • • • C" |0 < m t < 21 - 1 for any 1 < i < n } is a C-basis of (tf 11 ) . 
(iv) Let <j> be the multiplication map 

(\> : (Uf n )~ ® (C/ e fin )° ® (Uf n )+ — ► Uf n 

T/ien is an isomorphism of C-vector space. 
By Theorem 4.6, we know that the dimension of Uf n is 2 n l n+2N . 

Proposition 4.7 ([9]). W^e /iave e l a = f l a = m [7,f n /or any a G A + , and t? ! = 1 in U^ n 

for any i g I. 

Lemma 4.8. We assume that g is not of type G 2 . Let J be the two-sided ideal of U £ 
generated by {e l a J l a \a G A} \J{tf - l\i G /}. Then we have Uf n ^ U e /J. 

Proof. By the definition of Vf n , (e^, fa, tf 1 ) satisfies the relations in U e . Therefore, there 
exists the following C-algebra homomorphism n 

tt:U e ^ U?» (eiJutf 1 ) ~ (eufutf 1 ). 

In particular, by Proposition 4.7, J G Kern. Conversely, by Theorem 2.8, for any u G U e , 
there exists c(m) = c(mi, • • • , m 2 N+n) G C (to = (mi, • • • , m2jv+n) £ Z^ Ar+ ™), such that 

U = c(m)^.-./^tr +i ---tr + -er +B+i "- e ^ +B e ^- 

By Proposition 2.7, we have 

X! c ( m i>--- ,"ijv,mjv+i + 2fci/, ••• ,mjv+„ + 2fc„/, 

rnGMfei,--- ,fc„>0 

m.v+n+1, • • • m 2N+n )f£ ■ ■ ■ f^tT N+1 ■ ■ ■ C~+"e™~+" +1 • • • e™ N+ " mod J. 

where 

M := {m = (mi, • • • , m 2N+n ) G Z^ +n |0 < to, < 2/ (N + 1 < i < N + n), 
0< mi <l (1 < i < N,N + n + 1 < i < 2N + n)} 

Since 7r(J) = by Proposition 4.7, if u G -KTer7r then 

= n(u) = ^2 X! c(mi,--- ,m N ,m N+1 +2k\l,--- ,m N+n + 2k n l, 
men ki,— ,fe„>o 

,~, ra „ \ f«ii fm N .m N +i , TOW+ row+n+i m 2 jv + „ 

mj V+n+ i,---m 2 jv+n / )/ / a 1 ■■■J l 3 N t i ■••*„ e ft e /3 N 
Thus, by Theorem 4.6, 

^ c(TOi, • • • , TOjv, TOat+i + 2fei/, • • • , TOat+„ + 2fc„Z, mjv+n+l, ■ • ■ m 2N+n ) = 
fei,- ,fc„>o 

for any m G M. Hence u G J. □ 
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4.3 [/^"-module structure on the U £ u x >(0) 

In this subsection, we construct [/^"-module by using the Schnizer modules. 

Lemma 4.9. For g = sp(2n,C) (resp. so(2n + 1,C), so(2n, C)) (n > 2), and A = 
(Ai,--- ,A„) E Z n , let o(°) = (e a ^),M°) = (e b ^) fee as in Lemma 3.6, (®\, a ,b,V) be the 
Schnizer modules as in TheoremS.3, and it(0) = u(0, ■ ■ ■ , 0) E V be the unique primitive 
vector. Then we have 

(i) e a u(0) — for any a E A + . 

(ii) t\u(0) = u(0) for any i E I. 

(Hi) faU(0) = for any a E A+. 

Proof, (i) By Proposition 3.7, eju(0) = for any i E I. On the other hand, by 
Proposition 2.6, e a E H (U E ) a for any a E A + . Therefore e a u(0) = 0. 
(ii) By the explicit form of the action of ti in Theorem 3.3, there exists c,6Z such that 

Uu(0) = e x ' +c 'u(0). 

Since A, E Z, t\u(0) = u(0). 

We shall prove (iii) in the next section. □ 
We call [^-representation such that e\ = f\ = "nilpotent representation" . By Lemma 
4.8 (and proof of Lemma 4.9), we can regard nilpotent irreducible [^-representation (of type 
1) as irreducible [/^"-representation (of type 1). 

Theorem 4.10. Let g = sp(2n,C)(n > 2). For any A = (Ai,-- - ,A„) E Zf, we define 
A' := (Al.-.AljeZ" by 

\~-\j-2 (l<j<n-l), A; t := -2(A„ + 2). 

Let — (e a,J ),M°) = (e fcl3 ) be as in Lemma 3.6, and (<&y a b , V) be the Schnizer module 
as in Theorem 3.3. We set u x > (0) = u(0, ■ ■ ■ ,0), and let U e u x ' (0) be the U e -submodule ofV 
generated by u x >(0). Then we have 

(i) U e u X '(Q) is a U^" -module. 

(ii) U e u x '(0) is isomorphic to L^ m (A) as Uf n -module. That is, U £ u x '(0) is a finite dimen- 
sional irreducible Uf* 1 -module of type 1 with highest weight A. 

Proof, (i) Since $y ab : U e — ► End(V) is a homomorphism of C-algebra, ($y a b (ei), 

^A' .a.b(fi)> ^x'.a.bitf 1 )) satisfy the relations in Definition 2.1 in End(V). On the other hand, 
by Lemma 4.9 and Proposition 2.7, 

($A',a,6(e'))k V (0) = (*X',a,b(f l i))\u e u x ,(0) =0 (ot E A + ), 
(®X',a.M 2l ))\u E u x ,(0)=l (iEl). 

Therefore, by Lemma 4.8, there exists a canonical homomorphism from [/?" to End(U £ u x i (0)). 
So we can regard U e u X ' (0) as [/^"-module. 

(ii) "Finite dimensionality" of U e u x *^ is obvious. U E u x >(0) is "type 1" by Lemma 4.9(h) 
and Proposition 2.7. So we shall prove the irreducibility of U E u x >(0) and that the highest 
weight of U e u X '(0) is A. 

Irreducibility: We can also regard Uf n as well-defined Q-graded algebra by the following 
way (cf. Definition 2.5). 

(U^) d :={u+3\uE(U e ) d } (d E Q), 
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where J is the two-sided ideal as in Lemma 4.8. Hence 

e h •■•e ir € {Uf n ) aii+ ... +air (h,--- ,i r el). 
On the other hand, by Proposition 4.7, if (U^ n ) d ^ then 

d < (I - 1) Yl $ 

for any d G Q, where d > d d—d G Q+. So, there exists tq G Z + such that e^e^ • ■ ■ &i r — 
for any r > r and i\, i 2 ■ ■ ■ ,i r E I. Thus, for any nonzero /7^ n -submodule L of U E u x ' (0), 
there exists a nonzero element v G £ such that = for any i G /. Therefore, by the 
uniqueness of primitive vector of Proposition 3.7, uy (0) G L. Hence L D Uf n uy (0) = 
U £ Uy(0)DL. 

Highest weight: By the definition of L^ m (A), there exists a unique nonzero element (up to 
scalar multiplication) v G L( m (X) such that, 

eiV = t{V = e^v for any i G /, 

where £j = e di (since g = sp(2n, C), (di, • • ■ d n -i, d„) = (1, • • • 1, 2)). So we shall prove that 
iiWy (0) = £ Ai w A '(0) for any i e J. By the explicit form of fj in Theorem 3.3, for any 
i(l < * < ^ — 2), we have 

T ijU y(0) 

= (II Z k,j-l Z kj Z k,j+l Z j+2,k Z j+l,k Z jk) X ( Z % Z j.j + l Z j+2, 3 z2 j + ld Z 3 + l,j + l Z 3+2.,j + l £Xj ) U \'i {) ) 
k=l 

where 

i-i 

Cj = ^2(—bk,j-i + 2bkj — bk,j+i — bj + 2 t k + ^bj + i t k — bjk) 
k=i 

+ (2bjj - bj. J+1 - b 3+2 ,j + 2&J+1J - bj+ij+i - b J+2 .j+i) 
= ~ bk 'i-i) ~ ( b k,j+i - + ^2{(bj+i,k - ^+2,fe) - (bjk - b j+ i, k )} 

k=l k=l 

+ (2bjj - bj. J+1 - b 3+1 . j+1 ) + 2(b j+ ij - b j+2<j ) + {bj+2,j - b j+2 ,j+i) 
j'-i j'-i 

= E( 1 - 1 ) + E( 1 - 1 ) + ( 2 - 2 - 1 ) + 2+1 = 2 ' 
fe=i fe=i 

(since k < j - 1, bkj-i = b kj - 1 = Ofcj+i - 2, bjfc = + 1 = &j+2,fc + 2). Hence, 

tju x > (0) = T^u x , (0) = e- 2 -^« v (0) - e*'u v (0). 

Similarly, we can prove the case of j = 1, n — 1, n. □ 
By the similar manner to the proof of Theorem 4.10, we can also prove the following theo- 
rems, (if g = so(2ra + 1, C) then (di, • • • d„-i, d n ) = (2, • • • , 2, 1), and if g = so(2n, C) then 
(di,---d„_i,d n ) = (l,--- ,1,1)). 

Theorem 4.11. Let g = so(2n + 1, C) (n > 3). For any A = (Ai, • ■ ■ , A„) G Z", we denote 
X' := (Al.-.AljeZ" &y 

A;. := -2(A,- - 2) (l<j<n-l), A^ := -A„ - 2. 
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Let a(°) = (e a, 3),6(°) = (e b ^) be in Lemma 3.8, and „ j, be the maximal cyclic 
U e -representation of Theorem 3.4-. We set u x >(0) = u(0, ■ ■ ■ , 0). Let U e u x >(0) be the U £ - 
submodule of V generated by uy (0) . Then we have 

(i) U e u X '(Q) is a -module. 

(ii) U e u x >(0) is isomorphic to L^ ln (X) as £/?" -module. That is, U E u x >(0) is a finite dimen- 
sional irreducible U^ n -module of type 1 with highest weight X. 

Theorem 4.12. Let g = so(2n, C) (n > 4). For any X = (Ai,--- , A„) G Z™. we denote 
A' :=&,■■■ *>V 

X'j ■= -Xj - 2 (1 < j < n). 

Let a( 0) = (e a *j),M 0) = (e 6 «) fee m Lemma 3.10, and (<&y a b , V) fee f/ie maximal cyclic Ue- 
representation Theorem 3.5. We set u x > (0) = u(0, ■ ■ ■ , 0). Let U e u x ' (0) fee i/ie U E -submodule 
of V generated by u x > (0) . Then we have 

(i) U e u X '(0) is aU^ -module. 

(ii) U e u X '(Q) is isomorphic to L( m (X) as U E " -module. That is, U s u x >(0) is a finite dimen- 
sional irreducible U E n -module of type 1 with highest weight X. 

Comment: We expect that we can treat infinitesimal Verma modules for orthogonal 
and symplectic cases by the similar way to [10]. 

5 Proof of Lemma 4.9(iii) 
5.1 Case of A = (I- l,-- ,1- 1) 

In this subsection we shall show Lemma 4.9 (hi) for the special case :A = (I — 1, • • • , I — 1). 

For any A G Z™, we denote the £/ £ (g)-module corresponding to the representation 
($ a (o) i6 ( ) )A ', V) by V(X) (a(°\M°) as in Lemma 3.6, 3.8, 3.10 and A' as in Theorem 4.10, 
4.11, 4.12.). We obtain the following lemma by the similar way to the proof of Lemma 3.6. 

Lemma 5.1. For q = sp(2n,C), the actions of fi on V(X) are given by the following 
formula. For any m — {mij)fj =1 G M, 

f jU (m) = i2<j 

i-1 

where 

v™j = [m it j - rriij+i - m j+2 ,i + 2m j+1 ^ - m jti + ^ +l j ]u(m + e itj ) 
+ \pn>j+i,i ~ m j.i + ^T+i,j\ u ( m + £ j+i,i) {l<i<j<n - 2), 
v ™ n -i = ["ii,„_i -2mi, n + 2m n ,i-m n _i )i + /i^. 1)n _ 1 ]u(m + e i , n _i) 
+ [m nii - m n _i,i + fJ-ili t n-i]u(m + £ n .i) (1 < i < n - 1), 
v i?n = [ m i-n ~ m n ^+ ^ +ln ] e 2u(m + e l . n ) {1 < i < n) , 

v Ti = [ m M - - m i+ 2,i + 2m l+1 .i - m i+ i ii+ i - m l+2 . i+ i - Xi]u(m + e iti ) 

+ - m l+1 . i+ i - m i+2 , l+ i - Xi]u(m + £j+i,t) (1 < i < n - 1), 

Vn-i, n -i = [ m n-i,n-i - 2m„_i,„ + 2m„,„_i - 2m n . n - A„_i]u(m + £„_i,„_i) 
+ [m n , n _i - 2m n . n - A„_i]u(m + 

£n,n — l) j 

v n,n = [ m n,n ~ X n ] s 2u(m + £„,„), 
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and 



where 



fl>i,j 



E 1 

k—i 



(i < i < j < n), 



t,3 

m 

i,n— 1 



'71-1,71-1 



-TOij-i + 2m i; j - mij+i - mj+2,i + 2mj+i,i - (1 < i < j < ra - 1), 

-m^ n -2 + 2m !jtl _! - 2m iin - 2m n ,j - m n -i ti (1 < i < n - 1), 
-m i>n _i + 2m i;n - m„,i (1 < i < n), 

2mi,i - m iji+ i - TOi +2 ,i + 2mi + i t i - m i+1 s +1 - m i+2 s+i — A* (1 < i < n - 
2?7T-7i— i } n— l 2771.71—1,71 2/?i n;n — i 1m n ^ n A n — i, 
2777n n A n . 



Note that we can easily obtain the similar results for g = so(m, C) (m = 2n, 2n + 1). 
For A = (Ai, • • • , A„) G Z", in case g = sp(2n, C), we define m A = (m£ •)" - =1 6 M by 



m; 
m: 
m 



A 

7,i 

A 
A 



A 4 (1 < i < n), 

Aj H hAj (1 < i < j < n), 

Aj + • ■ • + Aj_i + 2Aj + ■ • ■ + 2A„ (1 < i < j < n). 



Obviously, 



H,j+1 



= X j+ i (l<i<j< n), 



™n,i ~ m i,r. 



A„ (1 < i < n), 



(5.1) 



777-- 



"»j+i,i = Aj (l<i<j<n-l). 



Similarly, for A = (Ai, • 
M by 



, A n ) G Zp, in case g = so(2n+ 1, C), we define m A = (m* •)" - =1 G 



m i,i 


:= A, 


(1 < z < n), 




m h 


:= A, -f 


hAj (1 < i < j < n- 1), 






:= 2A, 


H h 2A„_i + A„ (1 < 7 < n 


-1), 


m h 


:= AW 


- • • • + Aj_i + 2Aj + • • • + 2A„_i 


+ A„ (1 < i < j < n - 1) 




:= A, -f 


-••• + A„ (l<i<n-l), 





and in case g = so(2n, C), we define m A = {mi,j)T<i< n -i,i<j<n e M by 



m: 



n— l,7i 
A 



777,.; 



71-1 



= Ai (l<i<n-l), 

= A„, 

= Ai + --- + Aj (l<i<j<n-2), 

= Ai + --- + A„_ 2 + A„ (l<i<n-2), 



m: 
m 



A 

7,n 
A 



l n-l,i 



K + --- + K-2 + K-1 (l<i<n-2), 

Aj + • • • + Aj_i + 2Aj + • • • + 2A„_ 2 + A„_i + A„ (1 < i < j < n - 2), 

A, + --- + A„ (l<7<77-2). 
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Lemma 5.2. (i) For any A G Z™ and a G A +; we have f a u(m x ) = in V(X). 
(ii) Set Ao = (I — 1, • • • , I — 1) G Zp. For any a £ A + and u G ^(A ), write 

/«« = X! c a(m)u(m) (c a (m) £ C). 

T/ien c a (0) = 7 i.e. t/ie vector u(0) never occurs in f a v. 

Proof. We only show for g = sp(2n, C). The other cases are show similarly. By Propo- 
sition 2.6, f a G U~ n (U £ ) a . So, it is enough to prove the case of a = cti(i G I). 
(i) For any 1 < i < j < n — 1, by Lemma 5.1 and (5.1), 



= ( m ij - m lj-i) - ( m h+i - m ij) + ( m j+ia - m i+2,i) - ( m li - m j+i,i) 

Similarly, we obtain 

C-i=° (l<i<«-l), «C=° (!<*<«)• 
Further, for any 1 < i < n — 1, 

= 2Ai — (Aj + Aj+i) — Aj+i — Ai — (A, + Aj+i + 2A^ + 2 + • ■ ■ 2A„) 
+2(Ai + 2Ai + i + 2Ai+2 + • • • 2A„) — (Aj+i + 2A^ + 2 + • • • 2A„) 

= K 
Similarly, we obtain 

Thus, it follows from Lemma 5.1 that for any 1 < i,j < n, 

3 



/; m — \^ „ m — „™ — \ . 



k—i 

Hence, for any l<i<j<n — 1, 

</ = [-("4 + 1 - m t') + ( m j+l,i - m 3+2^ - ( m j,i - m 3 + lJ - VT+l,M mX + £ ^j) 

= [-Aj+i + Xj+i - Xj + Xj]u(m x + eij) + [-Xj + X J ]u(m x + e J+ ij) = 0. 
Similarly, we obtain 

<f=0 (l<*<j<n). 

Therefore, by Lemma 5.1, for any j G / we have fju(m x ) = X)i=i = 0- 
(ii) For any A G Z™, w = X) m eM c{m)u(m) G V^(A), by Lemma 5.1, 

m£M i=l i=l m£M 
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Since for any l<i<j<n— 1, niij docs not appear in fJ^ij and («, j) ^ (i, j + 1), (j + 
2,i), (j + we have 

c ( TO K\j = c ( m )I m »j - m »,j+i - m j+2,i + 2m j+M - m^i + (J^jXm + e ii-7 -) 

= c(m - £j,j)[(m;j - 1) - TOjj+i - m j+2 ,i + 2m j+lii - m hl + 

meM 

If m = 0, we have = — Aj. Thus, we obtain that the coefficient of u(0) is equal to: 

c(-£ij)[-l-Aj]. 

Hence, if A = (/ — !,••• , Z — 1), then this is 0. Similarly, we obtain that u(0) does not appear 
in X^meM c ( m ) v i?j f° r au other z, j 6 7. So the coefficient of u(0) in /^w is equal to 0. □ 

Lemma 5.3. We have f l a u(0) = in V(X ) (A = (Z - 1, • • • ,1 — 1)) for any a e A+. 

Proof. By Proposition 2.7, for any a 6 A + , is a central element of U e . Thus, 

ei(f a u(0)) = f l a (e iU (0)) = (i G I). 

So, f l a u(0) is a primitive vector. Therefore, by the uniqueness of primitive vector (see 
Proposition 3.7), /£u(0) G Cu(0). 

On the other hand, by Lemma 5.2(h), the coefficient of u(0) in ,f l a u(0) is 0. Hence f l a u{Q) = 
0. □ 

5.2 Proof of e l a = on V(A) 

Definition 5.4. Let A = (Ai, ■ • ■ , A„) G Z™, /a be the left ideal of U e generated by {et, ti — 
e^,f l a | i G /, a G A + }. We set M(A) := C/ £ /7 A . 

Proposition 5.5. (/i/ Proposition 3.2, Corollary 3.2(b)) 

(i) If X = (I — 1, • ■ ■ , Z — 1), t/ien M(A) is an irreducible U e -module. 

(ii) For any A G Zf , dimM(X) = Z™ 2 (= dimV(A)). 

Proposition 5.6. For A = (Z - 1, • • • , I - 1), M(A) = V(A) ("as U E -module). 

Proof. By Lemma 5.3 and the property of u(0), we have 

e lU (0) = 0, tiu(0) = e^u(0), f a u(0) = (i G I, a G A+). 

So, by the universality of M(A), there exists an {7 e -module homomorphism <f> : M(X) — ► 
V(X) such that 0(1 + I\) = u(0). By Proposition 5.5(i), M(A) is an irreducible £/ £ -module 
if A = (I — 1, • • ■ , Z — 1), and </> ^ 0. Hence is injective. 

On the other hand, by Proposition 5.5(h), dimM(A) = dimV(A). Thus <fi is surjective. 
Therefore <f> is an isomorphism of J7 e -module. □ 

Lemma 5.7. For any X G Z™ and a £ A+, = on V(A). 

Proof. By Proposition 5.6, Proposition 5.5(i), V(l — 1, • • • , Z — 1) is an irreducible U £ - 
module and then we have U s u(0) = V(l — 1, • • ■ ,1 — 1). Thus, 

e l a V(l 1, • • • , I 1) = e l a (U e u(0)) = Ue(e l a <0)) = {0}. 

Hence e l a = on V"(Z — 1, • ■ ■ , Z — 1). Due to Lemma 3.6 we know that the actions of on 
V(X) do not depend on A. Therefore, for any A G Z™, e l a = on V(X). □ 
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5.3 General case 



Lemma 5.8. For any A G Z™ and w G F(A)(v 7^ 0), there exists u + G such that 
u + v = u(0). 

Proof. By Lemma 5.7, we can regard V(X) as a (C/,f n ) + -module. (see proof of Lemma 
4.8). So, by the similar manner to the proof of Theorem 4. 10(ii) , we can take u + G 
such that u + v is a nonzero primitive vector. Therefore, by the uniqueness of the primitive 
vector, we have u + v G C x u(0). □ 

Proof of Lemma 4.9(iii). Let us show that for any A G Z™ and a G A + , f l a u({)) = in 
V(X). By Lemma 5.8, there exists u + G such that u + u(m x ) = u(0). Since f a u(m x ) = 
by Lemma 5.2(i), 

/a«(0) - J«(« + «(m A )) = u+(/in(m A )) = 

□ 



References 

[1] C.De Concini and V.G.Kac, Actes du Colloque en l'honneur de Jacques Diximier, edited 
by A.Connes, M Duflo, A. Joseph and R.Rentschlcr (Prog. Math. Birkhauser. 1990), 
Vol. 92, p.471. 

[2] G.Lusztig, Modular representations and quantum groups, Contemp.Math 82, 59-77 
(1989) 

[3] G.Lusztig, Quantum groups at root of 1, Geom.Dedicata 35, 89-113 (1990). 

[4] E.Date, M.Jimbo, K.Miki, and T.Miwa, Cyclic Representations of U q (sl(n + 1,C)) at 
q N = 1, Publ. RIMS, Kyoto Univ. 27, 366-437 (1991). 

[5] W.A.Schnizer, Roots of unity: Representations for symplectic and orthogonal quantum 
groups, J.Math.Phys. 34, 4340-4363 (1993). 

[6] W.A.Schnizer, Root of Unity: Representation of Quantum Groups, Comm. Math. Phys., 
163, 293-306 (1994). 

[7] T.Nakashima, Irreducible modules of finite dimensional quantum algebras of type A at 
roots of unity, J.Math.Phys. vol.43, No.4, April 2002, 2000-2014. 

[8] J.C.Jantzen, Lectures on Quantum Groups, GSM. vol.6, (1996) 

[9] V.Chari and A Pressley, A Guide to Quantum Groups (Cambridge University Press, 
Cambridge, 1994). 

[10] M.Kaneda and T.Nakashima, On certain maximal cyclic modules for the quantized 
special linear algebras at root of unity, Pacific Journal of Mathematics 211, No. 2, (2003), 
273-282. 



29 



